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Ising spin glass models with bimodal, Gaussian, uniform and Laplacian interaction distributions
in dimension five are studied through detailed numerical simulations. The data are analyzed in both
the finite-size scaling regime and the thermodynamic limit regime. It is shown that the values of
critical exponents and of dimensionless observables at criticality are model dependent. Models in
a single universality class have identical values for each of these critical parameters, so Ising spin
glass models in dimension five with different interaction distributions each lie in different universality
classes. This result confirms conclusions drawn from measurements in dimension four and dimension
two.
I. INTRODUCTION
The statistical physics of second order transitions has
been intensively studied in standard systems exemplified
by pure ferromagents, and a thorough understanding of
the critical behavior has been reached based on Renor-
malization Group Theory (RGT). RGT provides an ele-
gant explanation of the universality of critical exponents,
which is the property that all systems within the same
universality class (determined only by the physical di-
mension d and the spin dimension N) have identical val-
ues for each critical exponent and for characteristic di-
mensionless critical parameters. It has been implicitly or
explicitly assumed that in spin glasses the form of the in-
teraction distribution is not a relevant parameter for the
determination of the universality class, so that in particu-
lar all Ising Spin Glasses (ISGs) in a given dimension are
expected to have the same critical exponents and critical
parameters. The ISG situation is in fact much less clear
cut; it has been stated that a fundamentally different
theoretical approach to transitions is required [1–3]. We
have found from numerical studies on Ising spin glasses
(ISGs) in dimensions 4 and 2 having bimodal and Gaus-
sian interaction distributions [4–6] that the critical expo-
nents and the critical values for dimensionless constants
are not identical for the two models in a given dimension
but that they vary with the interaction distribution. It
was concluded that the universality class of an ISG de-
pends not only on the physical dimension of the system
but also on the form of the interaction distribution.
Here numerical simulation data on ISGs in dimension
5 are presented and analysed. We are aware of no anal-
ogous simulation measurements on ISGs in dimension 5,
but some of the present measurements can be compared
to results on the same models obtained from the High
Temperature Series Expansion (HTSE) technique [7, 8].
Again, as in dimensions 4 and 2 the values for critical di-
mensionless constants and for the critical exponents are
found to vary with the form of the interaction distri-
bution, confirming that the non-universality conclusion
reached for ISGs can be generalized.
Dimension 5 is close to the ISG upper critical dimen-
sion d = 6. For reference, the ǫ-expansion ISG exponent
values to leading order in ǫ = 6−d [9] are γ = 1+(6−d),
ν = 1/2 + 5(6 − d)/12 and η = −(6 − d)/3, so for di-
mension 5 the leading order exponent values are γ = 2,
ν = 11/12 ≈ 0.92, and η = −1/3 ≈ −0.33. The terms of
higher order in ǫ are strong and no summations over all
terms are known. There are no interaction distribution
dependent terms in the standard ǫ-expansion expressions.
The leading order ǫ-expansion exponent values are all in
rough agreement with but are about 25% stronger than
the range of numerical estimates for the 5D ISG expo-
nents given below in the Conclusion, Table I, where for
instance the γ estimates run from 1.73(2) for the bimodal
interaction model to 1.49(2) for the Laplacian interaction
model.
II. HISTORICAL NOTE
In 1894 Van der Waals introduced the concept of criti-
cal exponents, in the context of transitions in liquids; he
derived values for the exponents in terms of what is now
called a mean field theory [10]. His student Verschaffelt
made very precise experimental measurements on capil-
larity, and in 1900 published experimental estimates for
the exponents which were not equal to the mean field
values [11]. His results were ignored for sixty years be-
cause they had no theoretical support (see Ref. [12] for an
excellent historical account). The situation only changed
with Onsager’s analytic proof of non-mean field exponent
values in the 2D Ising model [13], which finally led on to
the establishment of the principle of universality, within
the RGT concept [14].
Verschaffelt employed temperature dependent effective
exponents in his analyses. Effective exponent analyses
were re-introduced much later for experimental [15] and
numerical [16, 17] ferromagnetic data. Below we also will
use effective exponents in the analysis of ISG simulation
data. We obtain results which are firmly established em-
pirically but for which a theoretical explanation is for the
2moment lacking.
III. SIMULATION MEASUREMENTS
We are aware of no previous publications of precise
simulation data on ISGs in dimension 5. The standard
ISG Hamiltonian is
H = −
∑
ij
JijSiSj (1)
with the near neighbor symmetric distributions normal-
ized to 〈J2ij〉 = 1. The normalized inverse temperature is
β = (〈J2ij〉/T 2)1/2. The Ising spins live on simple hyper-
cubic lattices with periodic boundary conditions. The
spin overlap parameter is defined as usual by
q =
1
Ld
∑
i
SAi S
B
i (2)
where A and B indicate two copies of the same system.
We have studied the symmetric bimodal (±J), Gaussian,
uniform (P (J) = 1/[2 · 31/2] for −31/2 < J < 31/2) and
Laplacian P (J) = 21/2 exp(−21/2|J |) distribution ISG
models in dimension 5.
The simulations were carried out using the exchange
Monte-Carlo method for equilibration using so called
multi-spin coding, on 212 individual samples at each size
from L = 3 to L = 10 for the bimodal and Gaussian
models. (It can be noted that an L = 10 sample in d = 5
contains more spins than an L = 46 sample in d = 3, so
the simulations are laborious. However, see the Thermo-
dynamic Limit (ThL) figure of merit discussion in Sec-
tion VI. For the uniform distribution model 212 samples
were studied up to L = 6, and 29 samples up to L = 9,
and for the Laplacian model 212 samples were studied
up to L = 6 and 29 samples up to L = 8. An exchange
was attempted after every sweep with a success rate of at
least 30%. At least 40 temperatures were used forming
a geometric progression reaching up to βmax = 0.42 in
the bimodal model, βmax = 0.45 in the Gaussian model,
βmax = 0.45 in the uniform model and βmax = 0.45 in
the Laplacian model. This ensures that our data span
the critical temperature region which is essential for the
finite-size scaling (FSS) analyses. Near the critical tem-
perature the β step length was at most 0.003. The various
systems were deemed to have reached equilibrium when
the sample average susceptibility for the lowest temper-
ature showed no trend between runs. For example, for
L = 10 this means about 200000 sweep-exchange steps.
After equilibration, at least 200000 measurements were
made for each sample for all sizes, taking place after ev-
ery sweep-exchange step. Data were registered for the
energy E(β, L), the correlation length ξ(β, L), for the
spin overlap moments 〈|q|〉, 〈q2〉, 〈|q|3〉, 〈q4〉 and the cor-
responding link overlap qℓ moments. In addition the
correlations 〈E(β, L), U(β, L)〉 between the energy and
observables U(β, L) were also registered so that thermo-
dynamic derivatives could be evaluated using the ther-
modynamic relation ∂U(β, L)/∂β = 〈U(β, L), E(β, L)〉−
〈U(β, L)〉〈E(β, L)〉 where E(β, L) is the energy [20].
Bootstrap analyses of the errors in the derivatives as well
as in the observables U(β, L) themselves were carried out.
We follow the same analysis strategy for the 5D ISGs as
for the 4D ISGs [5, 18].
IV. FINITE SIZE SCALING
The usual approach to critical parameter measure-
ments through simulations is to study the size depen-
dence of dimensionless observables Q(β, L) (generally the
Binder cumulant g(β, L) = (3 − 〈q4〉/〈q2〉2)/2 and the
normalized correlation length ξ(β, L)/L) in the regime
very near the critical point. g(β, L) must saturate at
g(β, L) = 1 for β ≫ βc which is not the case for
ξ(β, L)/L. It can be noted that we find critical g(βc)
values much lower in 5D ISGs than in 3D or even in 4D
ISGs, so the 5D g(β, L) data have space to ”fan out” be-
yond βc making this parameter more efficient for critical
regime analyses in 5D than in the other dimensions. The
typical FSS expression, valid in the near critical region if
there is a single dominant scaling correction term, is :
Q(β, L) = Qc +AL
−ω +B(β − βc)L1/ν (3)
where ν is the correlation length critical exponent and ω
is the exponent of the leading finite size correction term.
For any dimensionless parameter Q the Qc critical values
are identical for all systems within a universality class.
From the HTSE and thermodynamic limit (ThL) data
which we will discuss later the 5D correction exponent is
typically ω ≈ 1.0 in the different models.
We will use the finite size scaling measurements as one
method to estimate the critical inverse temperatures βc,
together with the dimensionless parameter values Qc at
criticality extrapolated to the infinite size limit. The crit-
ical exponent ν can be estimated from the derivatives at
criticality through
∂Q(β, L)
∂β
∣∣∣
βc
= AQL
1/ν
(
1 + aQL
−ω + · · · ) (4)
The critical exponent η can be estimated through
χ(βc, L)
L2
= AχL
−η
(
1 + aχL
−ω + · · · ) (5)
For the present analysis we have recorded the FSS be-
havior of various dimensionless parameters in addition to
the Binder cumulant g(β, L) and the correlation length
ratio ξ(β, L)/L. The dimensionless parameter W (β, L)
for Ising ferromagnets was introduced in Ref. [22]. In the
ISG context the parameter Wq(β, L) is defined by
Wq(β, L) =
1
π − 2
(
π [〈|q|〉]2
[〈q2〉] − 2
)
(6)
3In the same spirit we will also make use of other di-
mensionless parameters
h(β, L) =
1√
π −√8
(√
π
[〈|q3|〉]
[〈q2〉]3/2 −
√
8
)
(7)
PW =
[ 〈|q|〉2
〈q2〉
]
(8)
and the skewness
Pskew =
[ 〈|q|3〉
〈q2〉3/2
]
(9)
which also have analogous scaling properties.
V. THERMODYNAMIC DERIVATIVE PEAK
ANALYSIS
The thermodynamic derivative peak analysis can also
be an efficient method for analyzing data in a ferro-
magnet or an ISG. Near criticality in a ferromagnet,
for a number of standard observables Q the heights of
the peaks of the thermodynamic derivatives ∂Q(β, L)/∂β
scale for large L as [20, 21]
Dmax(L) =
∂Q(β, L)
∂β
∣∣∣
max
∝ L1/ν
(
1 + aL−ω/ν
)
(10)
The observables used for Q(β, L) can be for instance the
Binder cumulant g(β, L) or the logarithm of the finite size
susceptibility ln(χ(β, L)) [20]. Without needing a value
of βc as input, the large L peak height Dmax(L) against L
plot provides 1/ν directly, to within scaling corrections.
In addition, the temperature location of the derivative
peak βmax(L) scales as
βc − βmax(L) ∝ L−1/ν
(
1 + bL−ω/ν
)
(11)
We note that the inverse of the derivative peak height
1/Dmax(L) and the peak location temperature differ-
ence [βc − βmax(L)] are both proportional to L−1/ν(1 +
aL−θ/ν + · · · ) (with the leading correction terms hav-
ing different pre-factors). Then βmax(L) plotted against
1/Dmax(L) must tend linearly towards the intercept βc
as 1/Dmax(L) tends to zero for large L. All plots of
the same type for different observables Q should extrap-
olate consistently to the true βc. The leading correction
is eliminated to first order and together with the higher
order corrections only appears as a modification to the
straight line for small L. Provided that the peaks for
the chosen observable fall reasonably close to βc these
data can be much simpler to analyse than those from
the crossing technique. For ferromagnets, Ferrenberg and
Landau [20] found this form of analysis significantly more
accurate than the standard Binder cumulant crossing ap-
proach.
In the ISG context exactly the same methodology can
be used as in the ferromagnet [4]. Because the exponent ν
is relatively small in 5D ISGs this technique is an efficient
independent method for estimating βc. As far as we are
aware this analysis has not been used previously by other
authors in ISGs.
VI. THERMODYNAMIC LIMIT SCALING
The high temperature series expansion for the spin
glass susceptibility of an ISG with a symmetrical inter-
action distribution can be written [8]
χ(β2) = 1 + a1β
2 + a2β
4 + · · · (12)
Only even terms in powers of β exist because of the
symmetry between positive and negative interactions so
β2 rather than β is the natural thermal scaling variable
[7, 8, 19, 23]. (An equivalent natural scaling variable
which has been generally used for HTSE analyses on
ISGs with symmetric bimodal interaction distributions
is [7, 19] w = 1 − tanh(β)2/ tanh(βc)2. The discussion
above holds throughout with w replacing τ . The expo-
nents of course remain the same though the factors C, a
etc. are modified.) In principle an infinite set of exact
HTSE factors an exist. In practice terms in different ISG
models have been calculated at best up to n = 15 (see
Refs. [7, 8, 19]). Then according to Darboux’s first the-
orem [26] the asymptotic form of the sum of the entire
series (all terms to infinite n) is eventually dominated by
the closest singularity to the origin, which in the simplest
case is the physical singularity, so near β2c
χ(β2) = Cχ
[
1− (β/βc)2
]−γ
(13)
with β2c being the inverse critical temperature squared
and γ the standard critical exponent.
It is thus natural to adopt τ = 1 − (β/βc)2 as the
scaling variable in analyses of ThL ISG simulation data
just as in the HTSE analyses[8, 23]. Then the Wegner
scaling expression [24] for the ThL ISG susceptibility is
χ(τ) = Cχτ
−γ
(
1 + aχτ
θ + bχτ
θ ′ + · · · ) (14)
where θ = νω is the leading thermal correction exponent
and the second term is generally analytic. The standard
RGT scaling variable t = (T − Tc)/Tc is often used for
ISG simulation analyses close to criticality, but this scal-
ing variable is not convenient at higher temperatures as t
diverges at infinite temperature while τ tends to 1. Also
the temperature appears as T not T 2 so t is only appro-
priate for ISGs as an approximation near βc.
The HTSE second moment of the ISG spin-spin corre-
lations µ2 =
∑
r2〈S0.Sr〉 is of the form (see Ref. [17, 27]
for the ferromagnetic case)
µ2(β
2) = β2
(
z + b1β
2 + b2β
4 + · · · ) (15)
4where z is the number of near neighbors. The ThL µ2
diverges at βc as τ
−(γ+2ν). Then, invoking again Dar-
boux’s theorem to link the series within the brackets to
the critical divergence, the appropriate scaling form can
be written as
µ2(β
2) = Cµzβ
2τ−(γ+2ν)
(
1 + aµτ
θ + · · · ) (16)
As the ThL second moment correlation length is defined
through µ2 = zχ(β)ξ(β)
2, the Wegner form for the nor-
malized ISG ThL correlation length can be written [23]
ξ(β)/β = Cξτ
−ν
(
1 + aξτ
θ + bξτ + · · ·
)
(17)
It is important to note the factor β which normalizes ξ(β)
in this equation.
The form of susceptibility scaling outlined here for
ISGs was used from the earliest HTSE studies of criti-
cal behavior in ferromagnets and then in ISGs Refs. [7,
8, 17, 25]. The analogous normalized correlation length
form was introduced explicitly in Ref. [23].
The full HTSE sum is by construction in the (infinite
L) Thermodynamic limit (ThL) but extrapolations from
high temperature must be made in order to estimate be-
havior at criticality, because the complete series is not
available [8]. Simulation data are necessarily taken at fi-
nite L, but can be considered as also being in the ThL
as long as L ≫ ξ(β) where ξ(β) is the ThL correlation
length. The ThL envelope curves can generally be recog-
nized by inspection of the data plots. As a rule of thumb,
the condition L > 6ξ(β) can generally be taken as suffi-
cient, with observables independent of L and equal to the
ThL values as long as this condition is satisfied. The sim-
ulation data supplement and extend the HTSE data. As
ξ(β) ∼ β[1 − (β/βc)2]−ν in ISGs the ThL condition can
be written approximately in terms of a figure of merit; if
τmin is the lowest reduced temperature to which the ThL
condition holds for size L,
τmin ≈ (L/6βc)−1/ν (18)
In dimension 5 with βc ≈ 0.4 and ν ≈ 0.7 the condition
implies τmin ≈ 0.15 if the largest size used is L = 10.
This τmin corresponds to a temperature within 8% of the
critical temperature. It can be underlined that in dimen-
sion 3 with the appropriate parameters for ISGs, βc ≈ 1,
ν ≈ 2.5, to reach τmin ≈ 0.15 would require sample sizes
to L ≈ 300, far beyond the maximum sizes which have
been studied numerically up to now in 3D ISGs. The
ISG ThL regime can be studied numerically reasonably
close to criticality in dimension 5 (and dimension 4) but
the situation is much more delicate in dimension 3.
Temperature and size dependent susceptibility and
correlation length effective exponents, valid over the en-
tire paramagnetic regime, can be defined by
γ(τ, L) = −∂ lnχ(τ, L)/∂ ln τ (19)
and
ν(τ, L) = −∂ ln[ξ(τ, L)/β]/∂ ln τ (20)
The critical limits are γ(0,∞) = γ and ν(0,∞) = ν;
extrapolations must be made to estimate the critical ex-
ponents from HTSE or simulation data. In simple hyper-
cubic lattices of dimension d where z = 2d the exact ISG
high temperature limits for all L are γ(1, L) = 2dβ2c , and
ν(1, L) = (d − K/3)β2c where K is the kurtosis of the
interaction distribution (K = 1 for the bimodal distribu-
tion, K = 3 for the Gaussian distribution, K = 9/5 for
the uniform distribution, and K = 6 for the Laplacian
distribution).
The value of βc enters implicitly into the definitions
of γ(τ, L) and ν(τ, L) in Eq. 19 and Eq. 20 through the
definition of τ , so it is important to have well established
estimates for βc for the γ and ν effective exponent anal-
yses.
Turning to the exponent η, the temperature dependent
effective η(β, L) can be estimated through
2− η(β, L) = ∂ lnχ(β, L)
∂ ln[ξ(β, L)/β]
=
γ(β, L)
ν(β, L)
(21)
Alternatively one can make a log-log plot of y(β, L) =
χ(β2, L)/[ξ(β2, L)/β]2 against x(β, L) = ξ(β2, L)/β. At
high temperatures and for all L, x(β, L) and y(β, L) both
tend to 1 as β tends to 0. For large L and tempera-
tures near criticality the slope of the ThL envelope curve
∂ ln y(β, L)/∂ lnx(β, L) tends to the critical exponent −η
in the limit β → βc where both y(β, L) and x(β, L) di-
verge. With an appropriate fit function, extrapolation of
the ThL envelope curve to the large L limit leads to an
estimate for η purely from ThL data, without invoking
the FSS estimate for βc.
VII. PRIVMAN-FISHER SCALING
The Privman-Fisher scaling ansatz [31] for an observ-
able Q(β, L) can be written in the simple general form
Q(β, L)/Q(β,∞) = F [L/ξ(β,∞)] (22)
where Wegner thermal correction terms are implicitly in-
cluded in Q(β,∞) and ξ(β,∞). A leading finite size cor-
rection term can be introduced [32] :
Q(β, L)
Q(β,∞) = F [L/ξ(β,∞)]
(
1 +
GQ [L/ξ(β,∞)]
Lω
)
(23)
For given values of the critical inverse temperature and
exponents βc, ν and η, assuming the leading ThL ISG ex-
tended scaling expressions χ(β,∞) ∝ [1−(β/βc)2]−γ and
ξ(β,∞) ∝ β[1 − (β/βc)2]−ν are valid and ignoring Weg-
ner correction terms, the basic Privman-Fisher ansatz for
the susceptibility can be readily transformed into
χ(β, L)
(L/β)2−η
= F [|(1− (β/βc)2)|(L/β)1/ν ] (24)
as applied in [23, 33]. This extended scaling form is less
sensitive to the precise values of the critical parameters
5than is the ThL scaling and does not contain the correc-
tion terms. However it allows one to scale all the data,
not only those from the ThL regime, but also from the
crossover regime between the ThL and FSS regimes, from
the critical regime, and even from the region to tempera-
tures rather below the critical temperature. Below it will
be seen that very acceptable scaling is observed for the
data from each of the four models studied, when the ap-
propriate scaling parameters are used. This shows that
the data for all L and for all temperatures from infin-
ity down to below Tc can be encapsulated in the scaling
expression (24), adjusting only the three critical param-
eters βc, ν and η. If Wegner correction terms have been
estimated from ThL scaling these can be introduced to
improve the scaling but their influence will only be felt
well outside the critical region.
VIII. THE 5D GAUSSIAN DISTRIBUTION ISG
MODEL
For the Gaussian distribution model, the FSS Binder
parameter g(β, L) data and the parameter h(β, L) both
happen to show no visible correction to scaling at crit-
icality, Figs. 1 and 2. This provides us with consistent
and accurate estimates βc = 0.4190(3), gc = 0.300(2)
and hc = 0.225(1). The data for the other dimensionless
parameters in the form of fixed temperature plots show
only weak corrections to scaling. They are all consistent
with βc = 0.419 and ω ≈ 1. As the finite size correc-
tions are weak the analyses are rather insensitive to the
assumed value for ω, see for instance Fig. 3. The criti-
cal value estimates for the dimensionless parameters are
listed in the Conclusion, Table I. Data for the locations
of thermodynamic derivative peaks are shown in Fig. 4.
They are also all consistent with βc = 0.419.
The effective exponents γ(τ, L) = ∂ lnχ(τ, L)/∂ ln τ
and ν(τ, L) = ∂ ln[ξ(τ/L)/β]/∂ ln τ with βc fixed at 0.419
are shown in Figs. 5 and 6. For Fig. 5 a HTSE curve (cal-
culated with an values obtained explicitly from summing
the tabulation in [8]) is also included with the simulation
data. This curve, calculated with the known 13 lead-
ing HTSE terms only, is essentially exact in the high to
moderate τ region. The numerical data are in excellent
agreement with the HTSE curve. The fits to the ThL
envelope data correspond to
χ(τ) = 0.94τ−1.59
(
1 + 0.0625τ2.4
)
(25)
and
ξ(τ) = 0.98βτ−0.72
(
1 + 0.017τ2.4
)
(26)
Thus the exponent estimates are γ = 1.59(2) and ν =
0.72(1) so η = 2 − γ/ν = −0.20(2). In Section XII a de-
tailed discussion is given of the Gaussian HTSE estimates
of Ref. [8]. For both γ and ν the corrections to scaling
in the whole paramagnetic temperature region are weak.
For χ(τ) the ”effective” correction appears to be a sum of
0.41 0.42 0.43
0.2
0.3
0.4
0.5
g(
,L
)
FIG. 1. (Color on line) Gaussian 5D ISG model. Even L
Binder cumulants g(β, L) against inverse temperature β, L =
4, 6, 8 and 10 (top to bottom on the left).
high-order correction terms. Any correction with θ ≈ 1,
which might be expected from either the conformal cor-
rection or from a leading analytic correction, seems to be
negligible.
A log-log plot of y(β, L) = χ(β2, L)/[ξ(β2, L)/β]2
against x(β, L) = ξ(β2, L)/β is shown in Fig. 7. The
estimated asymptotic slope of the ThL envelope curve
∂ ln y(β, L)/∂ lnx(β, L) gives an estimate for the critical
exponent η = −0.19(2) without invoking any value for
βc. This η estimate is consistent with the value from the
ratio γ/ν.
The basic Privman-Fisher extended scaling (24) for
χ(β, L) with these parameter values is shown in Fig. 8.
The scaling is excellent (including the range of tempera-
tures below Tc, the upper branch) apart from weak devi-
ations visible for the smallest size L = 4 which could be
accounted for by a finite size correction term.
IX. THE 5D BIMODAL DISTRIBUTION ISG
MODEL
For this model the dimensionless observable sets all
show corrections to finite size scaling. Data for two typ-
ical observables are shown in Figs. 9 and 10. For βc
the best overall estimate is βc = 0.3885(5). Thermody-
namic derivative peak location data are shown in Fig. 11.
The extrapolations are consistent with the same value,
βc = 0.3885(5).
The effective exponents γ(τ, L) and ν(τ, L) defined
above are shown in Fig. 12 and 13. The high tempera-
ture curve included in Fig. 12 is evaluated from the HTSE
series tabulation in Ref. [8]. The critical exponents esti-
mated by extrapolation are γ = 1.73(3) and ν = 0.76(1),
60.41 0.42 0.43
0.1
0.2
0.3
0.4
h(
,L
)
FIG. 2. (Color on line) Gaussian 5D ISG model. Even L data
for the observable h(β, L) against β, L = 4, 6, 8 and 10 (top
to bottom on the left).
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1/L
FIG. 3. (Color on line) Gaussian 5D ISG. Pskew(β, L) against
1/L for fixed β, β = 0.424, 0.422, 0.420, 0.419, 0.418, 0.416
and 0.414 (top to bottom). Dashed line : estimated criticality.
and the fit curves correspond to the ThL expressions
χ(τ) = 0.73τ−1.73
(
1 + 0.37τ0.95 − 0.005τ8) (27)
and
ξ(τ) = 0.94βτ−0.76 (1 + 0.068τ) (28)
The simulation βc, γ and ν values are in excellent agree-
ment with the quite independent HTSE bimodal critical
value estimates βc = 0.389(1), γ = 1.73(3), and ν ≈ 0.73
of Klein et al [7] discussed in detail in Section XII.
A log-log plot of y(β, L) = χ(β2, L)/[ξ(β2, L)/β]2
against x(β, L) = ξ(β2, L)/β is shown in Fig. 14. The
estimated limiting slope of the ThL envelope curve
0,00 0,05 0,10 0,15 0,20 0,25 0,30 0,35 0,40 0,45 0,50
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0,43
0,44
0,45
0,46
0,47
(D
m
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1/Dm
FIG. 4. (Color on line) Gaussian 5D ISG. Peak location y =
βm against inverse peak height x = 1/Dm for the derivatives
∂PW /∂β, ∂h/∂β and ∂g/∂β (top to bottom). Sizes L = 3, 4,
5, 6, 7, 8, 9 and 10 (increasing to the left). For each observable
the points extrapolate to y(x) = βc at the lintercept, see text.
0.0 0.2 0.4 0.6 0.8 1.0
1.5
1.6
1.7
1.8
(
,L
)
FIG. 5. (Color on line) Gaussian 5D ISG. Effective exponent
γ(τ, L) as function of τ with βc = 0.419. Points : simulation
data for L = 10, 9, 8, 7, 6, 5 and 4 (left to right). Dashed
curve: fit. Continuous (green) curve on the right : calculated
by summing the HTSE tabulation of [8].
∂ ln y(β, L)/∂ lnx(β, L) gives an estimate for the critical
exponent −η = 0.28(1) without invoking any estimate for
βc. The Privman-Fisher extended scaling plot for χ(β, L)
with these critical parameters is shown in Fig. 15.
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FIG. 6. (Color on line) Gaussian 5D ISG. Effective exponent
ν(τ, L) as function of τ with βc = 0.419. Points : simulation
data for L = 10, 9, 8, 7, 6, 5 and 4 (left to right). Continuous
(green) curve : fit.
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FIG. 7. (Color on line) Gaussian 5D ISG. The ratio
χ(β, L)/[ξ(β, L)/β]2 against ξ(β, L)/β for L = 10, 9, 8, 7,
6, 5 and 4 (right to left), continuous green curve : fit. No
value is assumed for βc.
X. THE 5D UNIFORM DISTRIBUTION ISG
MODEL
The numerical data for the uniform distribution model
and the Laplacian distribution model are less complete
than for the bimodal and Gaussian models. Nevertheless
reliable critical parameter estimates have been obtained
for both models.
For the uniform distribution model the FSS scaling
data for the dimensionless observables PW (β, L), h(β, L)
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FIG. 8. (Color on line) Gaussian 5D ISG. Privman-Fisher-like
scaling of the χ(β, L) data following the form used in [23], with
assumed parameters βc = 0.419, ν = 0.72, η = −0.19 and no
adjustments. L = 10 pink squares, L = 8 black circles, L = 6
red triangles, L = 4 blue inverted triangles. Upper branch :
β > βc, lower branch β < βc.
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FIG. 9. (Color on line) Bimodal 5D ISG. ξ(β, L)/L against
1/L for fixed β, β = 0.395, 0.392, 0.390, 0.389, 0.388, 0.387,
0.385 and 0.382 (top to bottom). L = 10, 9, 8, 7, 6, 5, 4 and 3
(right to left). Dashed line : estimated criticality, β = 0.3885.
and Wq(β, L) all happen to show negligible corrections
to scaling and all consistently indicate βc = 0.400(1),
Fig. 16. The data for the other dimensionless observables
show only weak corrections to scaling and are consistent
with this βc. The thermodynamic derivative peak data
also confirm the critical temperature value, Fig. 17. The
ThL effective exponent fits correspond to
χ(t) = 0.93τ−1.625
(
1 + 0.104τ − 0.025τ3) (29)
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FIG. 10. (Color on line) Bimodal 5D ISG. PW (β, L) against
1/L for fixed β, β = 0.385, 0.387, 0.388 , 0.389, 0.390 and
0.392 (top to bottom). L = 10, 9, 8, 7, 6, 5, 4 and 3 (left to
right). Dashed line : estimated criticality, β = 0.3885.
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FIG. 11. (Color on line) Bimodal 5D ISG. Peak location
y = βm against inverse peak height x = 1/Dm for the deriva-
tive sets ∂h(β, L)/∂β, ∂PW (β, L)/∂β, ∂Pskew(β, L)/∂β and
∂g(β,L)/∂β (top to bottom). Sizes L = 3, 4, 5, 6, 7, 8, 9 and
10 (increasing to the left). For each observable the points
extrapolate to y(x) = βc at the intercept, see text
and
ξ(τ) = 0.99τ−0.72
(
1 + 0.01τ2.0
)
(30)
so estimates γ = 1.625(20), ν = 0.72(1) and η =
−0.26(3), Figs. 18 and 19. The corrections to scaling are
weak. The βc and γ values can be compared to the HTSE
estimates [8] βc = 0.4016(37) and γ = 1.70(15). (Here
the critical temperature quoted is in terms of the present
normalization, not to that used in Ref. [8]). The sim-
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FIG. 12. (Color on line) Bimodal 5D ISG. Effective exponent
γ(τ, L) as function of τ with βc = 0.3885. Points : simula-
tion data for L = 10, 9, 8, 7, 6, 5 (left to right), continuous
(blue) curve on the right : calculated by summing the HTSE
tabulation of [8]. Dashed line : fit.
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FIG. 13. (Color on line) Bimodal 5d ISG. Effective exponent
ν(τ, L) as function of τ with βc = 0.3885. Points : simulation
data for for L = 10, 9, 8, 7, 6 and 5 (left to right). Red arrow
: exact limit. Dashed line : fit
.
ulation and HTSE results are consistent, with the wide
error bar in the HTSE γ being mainly due to the associ-
ated uncertainty in the HTSE β2c . The Privman-Fisher
extended scaling plot for χ(β, L) is shown in Fig. 20. The
scaling is excellent until temperatures well below Tc.
XI. THE LAPLACIAN DISTRIBUTION MODEL
For the Laplacian distribution model, the FSS
PW (β, L) data happen to show a negligible correction
to scaling, Fig. 21, providing an accurate estimate βc =
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FIG. 14. (Color on line) Bimodal 5D ISG. The ratio
χ(β, L)/[ξ(β, L)/β]2 against ξ(β, L)/β for L = 10, 9, 8, 7,
6, 5 and 4 (right to left), continuous (green) curve : fit. No
value is assumed for βc.
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FIG. 15. (Color on line) Bimodal 5d ISG. Privman-Fisher-like
scaling of the χ(β, L) data following the form used in [23], with
assumed parameters βc = 0.3885, ν = 0.77, η = −0.25 and no
adjustments. L = 10 pink squares, L = 8 black circles, L = 6
red triangles, L = 4 blue inverted triangles. Upper branch :
β > βc, lower branch β < βc.
0.455(1). The data for the other dimensionless observ-
ables show weak corrections to scaling. Fixed temper-
ature plots of the data, Figs. 22 and 23, are consistent
with the same βc, and the critical values of the dimen-
sionless observables given in Table I. The ThL data fits
correspond to
χ(τ) = 1.33τ−1.5
(
1− 0.25τ1.65) (31)
and
ξ(τ) = 0.973βτ−0.69
(
1 + 0.028τ2.5
)
(32)
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FIG. 16. (Color on line) Uniform 5D ISG. The Binder cumu-
lant g(β,L) against 1/L for fixed β, β = 0.405, 0.4025, 0.400
, 0.3975 and 0.395 (top to bottom). L = 9, 8, 7, 6, 5, 4 and 3
(left to right). Dashed line : estimated criticality, β = 0.400.
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FIG. 17. (Color on line) Uniform 5D ISG. Peak location
y = βm against inverse peak height x = 1/Dm for the deriva-
tive sets ∂h(β, L)/∂β (top) and ∂g(β,L)/∂β (bottom). Sizes
L = 3, 4, 5, 6, 7, 8 and 9 (increasing to the left). For both ob-
servables the points extrapolate to y(x) = βc at the intercept,
see text
leading to the critical parameter estimates γ = 1.50(5),
ν = 0.69(2) and η = −0.17(3). The effective correction
exponents are relatively high indicating a low prefactor
for a leading term with θ ≈ 1.0.
A log-log plot of y(β, L) = χ(β2, L)/[ξ(β2, L)/β]2
against x(β, L) = ξ(β2, L)/β is shown in Fig. 24. The
estimated limiting slope of the ThL envelope curve
∂ ln y(β, L)/∂ lnx(β, L) gives an estimate for the critical
exponent η = −0.19(3) without invoking any estimate
for βc. The Privman-Fisher extended scaling for χ(β, L)
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FIG. 18. (Color on line) Uniform 5D ISG. Effective exponent
γ(τ, L) as function of τ with βc = 0.400. Points : simulation
data for L = 9, 8, 7, 6, 5 and 4 (left to right). Red arrow
: exact limit. Continuous (green) curve : fit. Continuous
(red) curve on the right, almost hidden under the fit curve :
calculated by summing the HTSE tabulation of [8].
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FIG. 19. (Color on line) Uniform 5D ISG. Effective exponent
ν(τ, L) as function of τ with βc = 0.400. Points : simulation
data for for L = 9, 8, 7, 6 and 5 (left to right). Red arrow :
exact limit. Continuous (green) curve : fit
.
is shown in Fig. 25. There are no published HTSE data
on this model.
XII. HIGH TEMPERATURE SERIES
EXPANSIONS
Having the numerical analyses in hand we will now
discuss in detail the HTSE data [7, 8] published some
years ago. The HTSE technique is efficient for ISGs in
dimension 5 because of the proximity to the ISG upper
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FIG. 20. (Color on line) Uniform 5D ISG. Privman-Fisher-
like scaling of the χ(β, L) data following the form used in [23],
with assumed parameters βc = 0.3885, ν = 0.77, η = −0.25
and no adjustments. L = 8 black circles, L = 6 red triangles,
L = 4 blue inverted triangles. Upper branch : β > βc, lower
branch β < βc.
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FIG. 21. (Color on line) Laplacian 5D ISG. The parameter
Wq(β, L) against 1/L for fixed β, β = 0.450, 0.4525, 0.455,
0.4575 and 0.460 (top to bottom). L = 8, 7, 6, 5, 4 and 3 (left
to right). Dashed line : estimated criticality, β = 0.455.
critical dimension d = 6. High temperature series expan-
sion calculations have been made on the bimodal ISG [7]
in general dimension, using w = tanh(β)2 as the scaling
variable, and on ISGs with bimodal, Gaussian, uniform
and double triangle distributions using β2 as the scaling
variable [8], again in general dimension. The number of
series terms an evaluated was limited by practical con-
siderations to n = 15 for bimodal interactions in both
cases and to n = 13 for the other distributions [8].
In Ref. [8] the spin-glass susceptibility terms were
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FIG. 22. (Color on line) Laplacian 5D ISG. Peak location
y = βm against inverse peak height x = 1/Dm for the deriva-
tive sets ∂Wq(β, L)/∂β, ∂h(β, L)/∂β and ∂g(β,L)/∂β (top to
bottom). Sizes L = 3, 4, 5, 6, 7 and 8 (increasing to the left).
For each observables the points extrapolate to y(x) = βc at
the intercept, see text
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FIG. 23. (Color on line) Laplacian 5D ISG. Effective exponent
γ(τ, L) as function of τ with βc = 0.455. Points : simulation
data for L = 8, 7, 6, 5 and 4 (left to right). Red arrow : exact
limit. Continuous (green) curve : fit.
evaluated, and the series were analyzed through Dlog
Pade´, M1 and M2 techniques combined with Euler-
transformations (see Ref. [8] for details concerning these
techniques). The precision on the extrapolations to criti-
cality was limited by the restricted number of terms, and
by a parasitic antiferromagnetic contribution which os-
cillates in sign and grows in strength with increasing n.
(The Euler transformation is designed to reduce the influ-
ence of this parasitic term). The critical β2c , the critical
exponent γ, and the leading correction term exponent θ
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FIG. 24. (Color on line) Laplacian 5D ISG. Effective exponent
ν(τ, L) as function of τ with βc = 0.455. Points : simulation
data for for L = 8, 7, 6, 5 and 4 (left to right). Red arrow :
exact limit. Continuous (green) curve : fit
.
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FIG. 25. (Color on line) Laplacian 5D ISG. The ratio
χ(β, L)/[ξ(β, L)/β]2 against ξ(β, L)/β, L = 8, 7, 6, 5 and
4 (right to left), continuous (green) curve : fit. No value is
assumed for βc.
were evaluated globally using the different analysis tech-
niques. The final estimates for both β2c and γ were cited
with rather large error bars. We will concentrate on the
Dlog Pade´ analysis. Including Euler transformations, a
large number of individual Dlog Pade´ solutions were gen-
erated for each model. Each individual solution provided
precise linked estimates of the critical parameters [β2c , γ].
For the 5D Gaussian model explicit point by point data
were presented in Fig. 7 of Ref. [8], which shows the γ
against β2c estimates for each individual solution. The
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FIG. 26. (Color on line) Laplacian 5D ISG. Privman-Fisher-
like scaling of the χ(β, L) data following the form used in [23],
with assumed parameters βc = 0.455, ν = 0.69, η = −0.21
and no adjustments. L = 8 black squares, L = 6 red circles,
L = 5 green triangles, L = 4 blue inverted triangles. Upper
branch : β > βc, lower branch β < βc.
values of the two parameters are highly correlated, with
the estimates being fairly dispersed, but with the γ val-
ues essentially a smooth function of the β2c values (see
inset to Fig. 7 of Ref. [8]). The authors quote as their
final Dlog Pade´ estimates β2c ≈ 0.174 with the associ-
ated global estimate γ = 1.67(8), and β2c = 0.177(3) and
1.75(15) from the other analyses, together with θ ≈ 1.0
from all techniques. Imposing the present accurate simu-
lation estimate β2c = 0.1755(5) from FSS and thermody-
namic derivative peak analyses onto the Gaussian Dlog-
Pade´ results in the inset to Fig. 7 of [8], one can read off
a corresponding ”threshold biased” estimate γ = 1.59(2).
This is in full agreement with the Gaussian model sim-
ulation estimate above, γ = 1.60(1). Unfortunately no
point by point Dlog Pade´ figures equivalent to that for the
Gaussian model were presented for the bimodal model or
for the uniform model.
For the bimodal model in dimension 5, the HTSE esti-
mates in [8] are β2c = 0.154(3), γ = 1.91(10) or 1.95(15),
again with rather wide error bars. However the earlier
HTSE study by the same group on the bimodal ISG
model in general dimension [7] using w = tanh(β)2 as
scaling parameter was more complete than that of [8],
because in addition to the series for the spin-glass sus-
ceptibility (referred to as Γ2 in Ref. [7]), series for the
two higher order susceptibilities Γ3 and Γ4 (defined in
[7]) were also evaluated. The RGT critical exponents for
these higher order susceptibilities are γ3 = (3γ + dν)/2
and γ4 = 2γ+dν. We have evaluated explicitly the terms
an for the different series from the tabulations given in
Ref. [7]. It turns out that in dimension 5 the parasitic os-
cillating terms in the an series are much weaker for these
higher order susceptibilities than for the standard ISG
susceptibility. Because of the supplementary informa-
tion from the higher order susceptibilities, the estimates
for the critical temperature and the critical exponents
in the dimension 5 bimodal ISG model are much more
precise in Ref. [7] than in [8]. The final estimates pre-
sented in Ref. [7] are wc = 0.1372(8), i.e. βc = 0.389(1)
or β2c = 0.1513(8), and γ = 1.73(3), γ3 = 4.4(1), and
γ4 = 7.3(2) together with θ ≈ 1.0. These values can be
compared with the independent values from the simula-
tion estimates given above : βc = 0.3885(5), γ = 1.73(2),
γ3 = (3γ + dν)/2 = 4.5(1), γ4 = 2γ + dν = 7.3(2) and
θ ≈ 1.0. Remarkably, the present 5D bimodal estimates,
based on data obtained from the simulation approach
which is entirely independent technically from HTSE, are
in uncanny agreement with the HTSE estimates from 25
years ago.
For the 5D uniform model the estimates in Ref. [8]
are β2c = 0.162(3) (with the present normalization) and
γ = 1.70(15), compatible with but less accurate than the
the simulation estimates β2c = 0.160(1) and γ = 1.66(2).
A threshold biased HTSE Dlog Pade´ estimate for γ would
certainly reduce the wide error bar if individual Dlog
Pade´ estimates were available. No HTSE studies have
been made of the 5D Laplacian model.
It is important that both Ref. [8] and [7] estimate the
correction exponent in dimension 5 to be θ ≈ 1.0 for all
models. By definition there can be correction terms with
higher exponents but no correction term with a lower
exponent. The corresponding finite size correction expo-
nent estimate is ω = θ/ν ≈ 1.2. These HTSE bimodal
and threshold biased Gaussian γ estimates (1.73(3) and
1.60(2) respectively) confirm the non-universality of 5D
ISG critical exponents.
XIII. CONCLUSION
The critical temperatures, critical exponents, and criti-
cal values for a number of dimensionless observables, have
been estimated for the bimodal, Gaussian, uniform and
Laplacian distribution ISG models in dimension 5 from
numerical simulations. The values are summarized in
Table I.
The accurate ISG inverse ordering temperature βc val-
ues in 5D increase regularly with the kurtosis K of the
interaction distribution, in agreement with earlier HTSE
estimates and as expected from basic physical arguments
[28, 29].
More remarkably, the critical exponents also evolve
regularly with K. As K increases, the critical exponents
γ and ν decrease regularly. Thus the uniform, Gaus-
sian and Laplacian model γ estimates are approximately
4%, 8% and 15% respectively below the bimodal value.
The critical values of the dimensionless parameters also
vary if not quite so regularly; the critical dimensionless
observable values for the extreme models (bimodal and
Laplacian) differ by up to about 30% depending on the
observable.
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TABLE I. Estimates of the critical inverse temperatures, ex-
ponents and critical dimensionless parameters βc, γ, ν, η,
g(βc), ξ/L(β, L), h(β, L), Wq(β, L) and for 5D bimodal, uni-
form, Gaussian and Laplacian distribution ISG models.
model bimodal uniform Gaussian Laplacian
Kurtosis 1 1.8 3 6
βc 0.3885(5) 0.4000(5) 0.4190(5) 0.455(1)
γ 1.73(2) 1.625(20) 1.600(5) 1.49(2)
ν 0.77(2) 0.72(1) 0.720(5) 0.69(1)
η −0.25(3) −0.26(3) −0.22(2) −0.21(2)
g(βc) 0.34(1) 0.29(1) 0.300(5) 0.265(5)
ξ/L(βc) 0.450(5) 0.42(1) 0.425(3) 0.401(3)
PW (βc) 1.415(10) 1.425(5) 1.425(10) 1.438(4)
Pskew(βc) 1.41(1) 1.422(10) 1.422(10) 1.442(2)
Wq(βc) 0.155(5) 0.125(2) 0.128(2) 0.115(3)
h(βc) 0.260(5) 0.225(2) 0.230(2) 0.215(2)
Comparisons are made between the present simulation
estimates for the exponent γ in the bimodal and Gaussian
models, and those obtained independently from HTSE.
The most accurate published HTSE bimodal model βc
and γ values [7] and the present simulation estimates
are in full agreement, βc = 0.3885(5) and γ = 1.73(3).
In the Gaussian model, if the present precise simulation
value for βc is used to threshold bias the analysis of the
HTSE data [8], the HTSE γ value fully agrees with the
simulation estimate. Both techniques then give as the
Gaussian model estimate γ = 1.60(2), so clearly lower
than the bimodal model value.
These dimension d = 5 ISG data thus confirm the em-
pirical conclusion reached from dimension d = 4 and di-
mension d = 2 studies [4–6] that ISG models in a fixed
dimension but with different interaction distributions do
not lie in the same universality class.
It is relevant that experimental measurements have al-
ready shown clearly that critical exponents in d = 3
Heisenberg spin glasses vary considerably from system to
system, depending on the strength of the Dzyaloshinsky-
Moriya coupling term [30].
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